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Continuous Market Models

Question (a)
We consider a continuous time market, where the interest rateLr = 0,|and

the risky asset S = (S¢)o<t<T1 follows the Black-Scholes model with initial
value S = 1, drift i and volatility o > 0 (without any dividend), so that

S: = So exp@ 0% /2)t + oB:  rclelleR upder P

Solve the following questions:

(a) A self-financing portfolio is given by (x, ¢), where x represents the
initial wealth of the portfolio, and ¢; represents the number of risky asset
in the portfolio at time t. Let I'I),_f’qb be the wealth process of the portfolio,
write down the dynamic of M*%in t € [0, T] in form of

| 4 — (G +@B:\
A/ OV 0.0(07137-‘0 4 t

Find o« and (.
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Continuous Market Models
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Definition (Self-financing Portfolio)

Slides 4B] We say the portfolio s self-financing if
y p (,;}f).f,& 07)0(' g
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Question (b)

(b) There exists a unique risky-neutral probability Q, together with a
Brownian motion BQ under the probability measure Q. Give the
expression of S; as a function of (t, BY).

o = SoerP((r—)_)t-+v-24)
gjre =0 ; We Rove : 54 = 5,%’)(- %‘+V‘B()
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Continuous Market Models
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Question (c)

(c) We first consider a derivative option with payoff g(St) = S% at
maturity T.

(i) Compute the value
Vo = E9[S2].

'1_ F:,Lo: VO :E e'rTgng),go =17
Whad (5 the ptih U@ wt  0<HS T
(T #)
B T 9600 [ $4]
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Continuous Market Models

\I(z‘;x):.x’eﬁ”’“ .’ dpg VA %)= Le“"""f)

2 2(7-4) r_. . - - -
W l(le) = - x e / . )
eV th,e) = 2x e (T | 2V l) + L T L Y VT ) =2

I V(T.z):xze'O‘L(T—T) :r"

(i) Let v(t,x) := x*>expco?(T — t), compute d;v,0xv and 02, v. Check
that v satisfies the equation

1
Orv(t, x) + §O'ZX2(9)2<XV(1',X) =0, v(T,x)=x"

O vihr is EC P g0 )[5=21

)X) +%v{{lz)1az§t VC-()x) - rV[‘(/Z): 0
(1) [ Xe==x] slves 1o PDE

C bz) € bld,x) Iz V(£
@ Fn PPE dpV! el r et
with VITiz) =9(¥), Tien EL e J

184ene  dX¢= b(h)@p&‘ +T(t, X4 )el B .
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Continuous Market Models
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Question (c)

-+ 2%
v(t,S:) to deduce that =See TV TR
(£, 51) 2 o(T-%) ;% 'f"te-l—b-&f | eq.zr -t @WQT e-;a‘x +20Bt

ViHr5¢) = S¢-e =
52 = VO —|—/ ¢td5t7 where ¢t L= 8XV(t,X).
0 —

ey

Then deduce that Vj is the (no-arbitrage) price of the derivative option
g(st) = 5%.
WH BL) =V.8) = Sie” T

g 2(T-1) Q—% £ *V-Bt

z
=¢ ] . ~Be
—(T-%) 7€ 4 20 T T XE?
= e e = C e
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Continuous Market Models

Proposition (lto diffusion process)

For an diffusion process dX; = u:dt + 0+dB; and a function f € C1?, then

Ces

f(t,X¢) = f(0,Xo) + /Ot((?tf + Ok f)(u, Xy)dX, + /O‘iaixf(u,Xu) m

| : 1 W\ A
where H[X]u — O-tz“dt:) O(O,lg: _— {;d“g)z =m3‘(' : 1. y
1 - o)

..’.QS-

Question (d)

(d) We now consider another option with (, pq{;h-dependent) payoff
[T szdr. fwrie 2 50) = fd [ ] nflrdSe + (5 A f L)Y

(i) Apply the Ito formula to deduc_e; tghgi.; ) f]f+c€4+ +/-2‘_-/,Z£T- ACS 0k
T :G‘zét? &
; / S2dt AL 5]
0

.
5% =S¢ +/ 25:dS; + o
0

-)5‘329' <
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Continuous Market Models

Question (d)
(ii) From the above, one obtains yf;[)at

T T
o[ SZdt+ S+ — S% — / 25:dS;.
0 0

Deduce the replication cost and replication strategy of the derivative
option fOT S2dt. (Hint: Use the above replication strategy for the option

g(S7) = 52.)

XT;,;cu - L (s, - | »{Tzadﬁf) ,qz(C T- U?ﬁfﬁﬂ
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